It is of great practical signi cance to gure out the propagation mechanism and outbreak condition of rumor spreading on online social networks. In our paper, we propose a multi-state reinforcement di usion model for rumor spreading, in which the reinforcement mechanism is introduced to depict individual willingness towards rumor spreading. Multiple intermediate states are introduced to characterize the process that an individual's di usion willingness is enhanced step by step. We study the rumor spreading process with the proposed reinforcement di usion mechanism on two typical networks. e outbreak thresholds of rumor spreading on both two networks are obtained. Numerical simulations and Monte Carlo simulations are conducted to illustrate the spreading process and verify the correctness of theoretical results. We believe that our work will shed some light on understanding how human sociality a ects the rumor spreading on online social networks.
Introduction
e rumor spreading is one of the basic mechanisms for information dissemination [1, 2] . It is of great importance to understand the mechanisms of the spreading dynamics and the factors that a ect it, such as media coverage [3, 4] . With the advent of the information era, online social networks such as Facebook, Weibo, and WeChat have become one of the most important mediums for the dissemination of rumors [5] . Due to the complexity of propagation mechanism and the diversity of network structure, it is hard to control the speed and the range of rumor spreading. Meanwhile, understanding the path of rumor spreading and modeling the di usion process are the important basis to control and suppress the rumor spreading on online social networks.
e study of modeling and analysis of rumor spreading process have attracted much attention in recent years. Doerr et al. [6] proposed that rumor spreading is extremely fast on social networks and validated it with mathematical analysis. Abstracting the propagation problem between related things as the propagation dynamics problem on the network is a common and e cient research method. In [7] , the authors abstracted the objective process of rumor propagation and established a mathematical model to understand the in uence of various related factors, such as transmission rate and mortality rate. Since there are some similarities between the di usion mechanism of the rumor and the infectious disease, the paradigmatic models of epidemiology such as Susceptible-Infected-Susceptible ( ) [8, 9] and Susceptible-Infected-Removed ( ) [10, 11] are widely employed to the study of rumor spreading. e above models are well-known as compartment models. e extensions of these models can be found in a vast body of studies [12, 13] . A delayed SVEIR worm propagation model with saturated incidence was investigated in [12] . In addition, integrable deformations of the Kermack-McKendrick model for epidemics were proposed and analyzed in [13] . Importantly, researchers show great interest in the individual characteristic of rumor spreading and extend the paradiamatic models with more compartments for characterizing rumor spreading process. e Susceptible-Infected-Hibernator-Removed ( ) model was established in [14] , with the hibernation chamber contained the characteristics of intermittent sleepiness of individuals who spread rumors. is model demonstrates that the spreaders did not continue to spread during the di usion process. Hu et al. [15] established a Susceptible-Hesitating-A ected-Resistant ( ) model to depict individuals' different attitudes toward rumor spreading.
In addition to individual factors, the social factors have been acknowledged as indispensable ingredients of the rumor di usion process [16] [17] [18] . As revealed by many researchers, the social reinforcement e ect is one of the key factors in the rumor spreading process on social networks. Wang et al. [17] proposed a rumor propagation model considering the negative and positive double social reinforcement mechanism on the individual propagation behavior. Ma et al. [18] presented a novel model based on the generation function and cavity method developed from statistical physics of disordered system. eir results indicated that decreasing the positive reinforcement factor or increasing the negative reinforcement factor can suppress the rumor spreading e ectively. However, it should be pointed out that the above studies did not analyze the reinforcement elements of rumor propagation, nor paid attention to the reinforcement process of rumor spreading. Particularly, the mechanism of social reinforcement and the potential roles of it on the rumor spreading process need to be further explored.
On the other hand, it is necessary to consider the characteristic of social networks for more accurately characterizing the rumor spreading. In most previous studies, the topology structure of propagation network is assumed to be static or quasi-static, while its dynamic nature is always neglected [19] . In practice, the topology of social network is not xed, and the e ective connections between individuals at di erent periods tend to be time-varying [20, 21] . erefore, the topological characteristic of the network is signi cant for understanding the rumor propagation process. In recent years, a large number of studies on time-varying networks driven by individual activities have emerged [22] [23] [24] . In the activity-driven (AD) framework, each individual is endowed with a speci c activity rate. At each time step, an individual may become active and generate nite connections with other individuals randomly selected from the network. e corresponding generated network is called as the activity driven network. As the AD model can describe some characteristics of the online social networks, it becomes a hot topic in recent studies. However, the studies that incorporate the time-varying networks with the social reinforcement e ect are rare, and thus worth further discussion.
In our paper, we propose a multi-state social reinforcement mechanism for the rumor spreading on both the random network and the AD network. e mechanism focuses on the process in which individuals' willingness to spread a rumor is gradually strengthened by both internal and external factors. is is motivated by the fact that people tend to believe and spread a rumor if they are repeatedly exposed to it. In addition to the external reinforcement, individuals may spontaneously enhance their willingness to spread due to their personal interest in some topics. We attribute individuals with di erent spreading willingness to di erent compartments. e individual spreading behavior was triggered by the external reinforcement. In this way, we extend the typical spreading model to the multi-susceptibleinfected-removed ( ) model. Also, we study the rumor propagation dynamics with the enhancement mechanism on the time-varying networks. A dynamic system with a comparable time-scale between the spreading of rumor and the evolving of the network topology is investigated. We derive the outbreak threshold of the rumor spreading on two typical networks, i.e., random networks and AD networks. e e ects of propagation parameters and network parameters on rumor spreading are also discussed. Finally, we perform numerical simulations and Monte Carlo simulations to illustrate and validate theoretical results. e rest of the paper is organized as follows. In Section 2, we introduce the social reinforcement mechanism of the rumor spreading. In Section 3, we establish the mathematical model on both random networks and AD networks, and derive the corresponding outbreak thresholds. e numerical experiments and the Monte Carlo simulation analysis are presented in Section 4. Conclusions are drawn in Section 5.
The Compartment Model
We consider a rumor spreads on a social network of individuals who interact with their neighbors with equal probability. During the process of rumor spreading, each individual can be one of three states: (susceptible), (infected) and (removed). A susceptible individual in contact with an infectious one becomes infected with a given infection rate. Individuals in state are not interested in the rumor and no longer pay attention to it. Speci cally, we divide into ( = 0, 1, . . . , ℎ − 1) according to di erent levels of individual willingness to spread rumor under the reinforcement mechanism. e state transition process of individuals is shown in Figure 1 . An individual in the state will enter into the state +1 with probability once it interacts with an infected one. Meanwhile, An individual could also be reinforced by themselves and enters into state +1 with a probability . Both susceptible and infectious individuals will lose their interest in rumor and transfer into with a probability . In addition, new individuals enter into the rumor propagation network with the rate .
Main Results

e Rumor Spreading on a Random
Network. Firstly, we consider rumor spreading on a random network with an average degree of ⟨ ⟩. Since individuals in are inactive in the rumor spreading process, we only focus on the proportion of susceptible and infected individuals in the propagation process. According to the individual state transition mechanism in Section 2, we can obtain the following dynamic model of rumor spreading on the random network.
where , , and are respectively birth rate, death rate, infection rate and self-enhancement rate. ( ), ( ) denote the proportion of individuals in state , , respectively. In Eq. (1), the second term on the right-hand side of the rst equation describes the state transition from 0 to 1 due to their connections with individuals. e third term on the right-hand side of the rst equation describes the state transition from 0 to 1 due to self-enhancement.
Let ( ) = 0 ( ), 1 ( ), . . . , ℎ−1 ( ), ( ) , we have ̇ (∞) = 0 when → ∞. us the system (1) goes into the steady state. Let = (∞), = (∞), = 0, 1, . . . , ℎ − 1, the relationship between the steady states of the system can be obtained as Obviously, there is a disease-free equilibrium of the system e basic reproduction number is an important parameter in rumor spreading analysis. It denotes an average number of susceptible individuals that can be infected by an infected individual in a given time. By exploiting the basic reproduction number, we can obtain the conditions for the outbreak of propagation. e basic reproduction number can be derived by the following method [25] .
(1)
where is the growth rate of the proportion of individuals in each state when the system is in its equilibrium, −1 is the average length of time that an individual stays in the corresponding state of the system. Let ( ) = 1 ( ), . . . , ℎ−1 ( ), ( ) , F ( ) denotes the ratio of the individuals entering into the state ( ) at time , and V ( ) is the ratio of the individual leaving the state ( ) at time . According to system (1), we get the following equations.
At disease-free equilibrium point 0 , the Jacobian matrices of F ( ) and V ( ) can be calculated as Based on (4), the basic reproduction number can be calculated as e rumor spreading will break out on a certain scale if the condition 0 > 1 is satis ed. In this case, we have where
e Rumor Spreading on an Activity Driven Network.
When the time scale of network evolution is comparable to that of rumor spreading, we have to consider the dynamic process of both rumor propagation and network evolution. In the AD network, an individual becomes active with probability within a time step Δ . e active individual will generate edges randomly connected to other individuals who can be either active or inactive. All these edges would be deleted at the next time step + Δ and the procedure is iterated. By clustering analysis of the individuals' historical data on the online social network, we can quantify the activity rate of
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In the continuous time limit we obtain the following closed system of equations whose Jacobian matrix at disease-free equilibrium 0 is derived as e Jacobian matrix (16) has eigenvalues
all individuals. Without loss of generality, the activity rate of individuals obeys a distribution ( ).
According to the state transition process of individuals in Figure 1 , we can establish a discrete dynamic model for the rumor spreading on the AD network.
where 0, is the proportion of individuals in 0 state with the activity rate at time . e meaning of ℎ−1, and is similar to that of 0, . In addition, = is the birth rate of individuals with the activity rate . e third term on the right side of the rst equation in (11) takes into account the probability that an 0 individual with activity rate is active and is enhanced into 1 state by connecting to individuals. e fourth term stems from the fact that a susceptible individual is connected by an active individual and thus is enhanced.
Theorem 1. e rumor will break out on the AD network if
> , where is given by Proof. According to the Eq. (11), we can obtain the following disease-free equilibrium.
e infection level +Δ in the system can be obtained by integrating +Δ over all activity spectrum in (11) . Also, by de ning = ∫ ὔ ὔ ὔ , the expressions of +Δ and can be derived as follows. Figure 2 shows the evolution of the proportion of individuals in di erent states when the rumor spreads on a random network. Two di erent infection rates are considered and the results of Monte Carlo experiments are averaged over thirty realizations. From Figure 2 , it can be seen that the di usion with a higher infection rate will reach the steady state with a larger outbreak scale in a shorter time. Moreover, a common phenmenon observed in Figures 2(a) and 2(b) is that the proportion of infected individuals ( ) decreases at rst and then increases in the initial stage of di usion. is trend can be understandable in view of the multiple intermediate states of susceptible individuals. Speci cally, with ℎ = 3 in the Figure 2 , an individual needs to go through two intermediate states, 1 and 2 before it is infected. At the early stage of di usion, only a small number of susceptible individuals can be infected. Under e outbreak threshold for the system is obtained requiring the largest eigenvalue to be larger than 0, which leads to the condition for the presence of an endemic state e proof of eorem 1 is completed. ☐
Simulation and Analysis
In our simulations, it is assumed that the death rate and birth rate are equal, so that the number of individuals in the system remains constant. e initial infected individuals (spreaders) are chosen randomly in the network. e outbreak thresholds of the random network and the AD network are Figure 5 shows the outbreak thresholds and under di erent network parameters. In Figure 5 (a), we can see that there is a nonlinear and negative correlation between the network average degree ⟨ ⟩ and the outbreak threshold of the random network. Speci cally, decreases with the increasing of ⟨ ⟩ and approaches zero gradually. Meanwhile, the similar relationship exists between the edge number and the outbreak threshold of the AD network in Figure 5 
Conclusions
In our paper, we study rumor spreading process with the social reinforcement mechanism on both random networks and the given simulation parameters, the individuals entering into the state are less than that removed from the state . Figure 3 depicts the outbreak scale (∞) of rumor spreading as a function of the infection rate . When is less than the outbreak threshold , the system reaches the disease-free equilibrium with (∞) = 0. Otherwise, we have (∞) > 0 and the system reaches an endemic equilibrium. In addition, it can be observed that the Monte Carlo results agree well with the theoretical results on both random networks and AD networks. Figure 4 presents the outbreak scale (∞) as the function of di erent parameters. From Figure 4(a) , it can be seen that the increase of both infection rate and self-enhancement rate can enhance (∞). Meanwhile, by comparing Figures 4(b) and 4(c), we can see that the impacts of and on (∞) are di erent. As shown in Figure 4(a) , for a small , increasing leads to a rst-order phase transition of (∞). While for a larger not more than 0.5, an increase of will bring about a second-order phase transition of (∞). However, this phenomenon is di erent in the Figure 4(b) , which indicates a second-order phase transition for small while a rst-order transition for a larger . In the case of a large , the rumor can hardly break out in the network by improving either the infection rate or the self-enhancement rate , which reveals that 'fast food' rumors are hard to be prevalent. activity-driven networks. e effects of the reinforcement mechanism on the infection prevalence and the outbreak threshold of rumor spreading are investigated. Two spreading models with both internal and external reinforcement factors are established on both random networks and AD networks. e internal reinforcement mechanism is only dependent on the self-enhancement rate. For the external reinforcement mechanism, the enhancement effect is related to the infection rate and it varies with the dynamic infection level in the network. We analyze the outbreak threshold of rumor spreading process on both analytical and numerical methods. Results show that both the infection rate and the self-enhancement rate are positively correlated with the outbreak scale and negatively correlated with the outbreak threshold. In addition, we have investigated the impacts of network topology on rumor spreading under the framework of both the random network and the AD network. Our study demonstrates that the existence of intermediate states in the reinforcement process will hinder the rumor spreading. In the future works, the heterogeneous number of intermediate state for different individuals will be further explored.
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